Pulsating bubbles have proved to be a versatile tool for trapping and sorting particles. In this article, we investigate the different streaming patterns that can be obtained with a group of bubbles in a confined geometry under ultrasound. In the presence of an external flow strong enough to oppose the streaming velocities but not drag the trapped bubbles, we observe either the appearance of exclusion zones near the bubbles or asymmetric streaming patterns that we interpret as the superposition of a two-dimensional (2D) streaming function and of a potential flow. When studying a lattice of several bubbles, we show that the streaming pattern can be accurately predicted by superimposing the contributions of every pair of bubbles present in the lattice, thus allowing one to predict the sizes and the shapes of exclusion zones created by a group of bubbles under acoustic excitation. We suggest that such systems could be used to enhance mixing at a small scale or to catch and release chemical species initially trapped in vortices created around bubble pairs.
I. INTRODUCTION
Microfluidic devices play growing roles in chemical, biological, and physical applications since they allow the observation and manipulation of micron-scale objects such as cells, particles, droplets, and chemicals in small-volume samples. The combination of microfluidics with acoustics has recently led to the development of new applications such as acoustic tweezers and localized acoustic streaming flows [1] [2] [3] . At these small scales, acoustic streaming results from the interaction of high-frequency sound waves (>10 MHz) with the channel boundaries, leading to steady flows. It is known that acoustic streaming can also develop at the surface of inclusions such as solid microparticles or bubbles [4] . In the case of oscillating bubbles, acoustic streaming is particularly intense when the acoustic excitation matches the mechanical resonance of the bubbles (typically 100 kHz for φ 60 μm bubbles), leading both to large-amplitude pulsations and steady flows around bubbles [5, 6] . This phenomenon therefore holds great potential for various applications including mixing of liquids or reactants, provided a method can be employed to produce and hold bubbles on specified locations [7] .
It was recently found that microbubbles could be held in specific locations even under flow, while still vibrating. Bubbles are simply trapped on micropits placed on one wall of the microchannel [8] ; under these circumstances, when a couple of bubbles are excited together, oscillatory and translational modes of adjacent bubbles can combine, resulting in strong dipolar flow fields [6, 9, 10] . The aim of this paper is twofold: (i) to investigate the complex flows resulting from the superposition of an ensemble of many pulsating bubbles and (ii) to understand the origin and the role of closed recirculation zones observed in the presence of an incoming flow.
Here we develop a setup designed to hold microfluidic bubbles at a specific position and to expose them to ultrasound. We then characterize the streaming pattern around a pair of bubbles under external flow. A prediction for the streamlines is proposed. Finally, we explore the validity of this approach to a group of bubbles.
II. MATERIAL AND METHODS
Bubbles are produced and observed inside a microfluidic channel; see Fig. 1 for a sketch of the experimental setup. The microfluidic chip is produced using standard soft lithography techniques [11] . Two polydimethylsiloxane (PDMS, Sylgard 184, Dow Corning) layers were sealed together, one molded with a flow-focusing junction connected to a straight observation channel (2 mm wide, 25 μm high), one molded with micropits (40 μm in diameter, 40 μm in depth). The flow-focusing junction is fed with gaseous nitrogen and deionized water containing 5% w/w of surfactant (commercial Dreft dish-washing liquid) with flow controlled by a syringe pump (Harvard Apparatus), in order to generate monodisperse bubbles with radii between 20 and 50 μm. Since the bubble diameters are larger than the channel height, they are squeezed between the upper and lower walls, adopting pancake-like shapes, as sketched in Fig. 1(b) .
The acoustic excitation is a plane wave, produced by a 100-kHz-centered transducer (Ultran), partially immersed in a tank of approximate dimension 20 × 10 × 5 cm 3 filled with deionized water. The microchannel is fixed on the bottom of this tank, in the acoustic field of the transducer, taking advantage of the natural adhesion between the tank wall and the PDMS [see Fig. 1(a) ]. In a typical experiment, bubbles are first produced from the flow-focusing outlet at a prerequisite size and are then dragged by the main flow. When bubbles occasionally flow over micropits, they tend to be captured and can later be released by increasing the flow velocity. This technique enables studying the bubbles at rest over long periods of time, while sound can be switched on or off and the frequency tuned until it matches the bubble resonance frequency (also called Minnaert's frequency).
Quantitative studies are then performed using video analyses. The videos are recorded using a fast Phantom V2511 camera, mounted on an Olympus IX73 inverted microscope. Flows are visualized using tracer particles (2 μm diameter), which can be tracked to reconstruct trajectories using a homemade particle tracking software [12] . The external flow velocity U ∞ was measured by following different tracers far upstream from the bubble pair. 
III. INTERACTION BETWEEN THE STREAMING AND AN EXTERNAL FLOW
A. Exclusion zone created by two-bubble streaming flows
Experimental results: Emergence of a ionosphere-like exclusion zone
Figure 1(c) shows the in-plane streaming pattern obtained around two acoustically excited bubbles in a surrounding liquid at rest. This pattern consists of a four-vortice structure, with vorticity signs corresponding to the fountain pattern observed by Rallabandi et al. [6] in the case of a single bubble in contact with a wall. As discussed in Ref. [9] , the presence of these vortices is induced by the interaction of the two bubbles. The intensity and the direction of the flow velocity in these vortices depend on the excitation frequency and the ratio between bubbles radii and their relative distance.
When an external flow is applied along the bubble pair direction, one can see the emergence of four stagnation points [see Fig. 2(a) ]. On these locations, the total velocity of the flow is vanishing, with the streaming velocity and the external velocity canceling each other. Two of these points are located along the bubble pair axis (one upstream from the bubble pair, one in between the two bubbles) and the two others on the side of the downstream bubble. These points are stable along one axis but unstable in the orthogonal axis, a typical feature of saddle points. This delimits four vortices [see Interestingly, some of the external streamlines that go through the bubble pair pass in the vicinity of the downstream bubble [see dark trajectory on Fig. 2(a) ]. Such streamlines can be used to trap large particles in the downstream vortices, following a process similar to that already described in Ref. [13] . Wang et al. state that when the distance between the streamline followed by the particle and the bubble surface is smaller than the particle radius, the particle is deviated to the inside of the closed vortex. Thus, large particles will remain trapped until a saturation of particles occurs in the vortex area or until the acoustic excitation is ceased.
Upstream vortices can find utility in another way as they impose an exclusion zone. Indeed, no external streamline is passing in the vicinity of the upstream bubble and only particles already present in this region before the acoustic excitation remain trapped in these upstream vortices during the excitation period. As a consequence, the composition of the main flow can be modified independently of these exclusion zones, and the trapped fluid or particles later released, in order to control mixing conditions. Interestingly, this exclusion zone is reminiscent of the magnetosphere deviating the solar wind away from the earth [14] in which the magnetic field lines are curved by the solar wind, while a trapping zone appears around the earth. However, the mathematical expressions of the forces are too different to derive a simple analogy. 3 . Scheme of notations used in the theory. For a group of several bubbles (two bubbles here), the streaming is always calculated with respect to the generating bubble (here bubble 1). The notations are those used in this scheme. When θ dip = π , a fountain-type dipolar field is created.
Theory for the flow field
Acoustic streaming. In a previous article [9] , we have shown that the breathing mode of one bubble acts as an excitation source for the translation mode of the neighboring bubble. This excitation is mediated by the Rayleigh waves emitted by the pulsating bubble and propagating in the PDMS upper and lower walls [15] . In the case of a bubble pair, each bubble combines its own breathing oscillation (mode 0) and the translation oscillation (mode 1) induced by its neighbor. The resulting oscillation leads to the generation of a streaming pattern whenever these two modes become out of phase.
Considering one bubble of the pair, we could describe the pulsation of its radius R by introducing the parameters (A 0 ,φ 0 ) for the amplitude and phase of the breathing mode relative to the external excitation, so that R = R 0 + A 0 cos(ωt + φ 0 ) with ω being the excitation frequency and R 0 being the radius at rest. Similarly, we wrote (A 1 ,φ 1 ) for the amplitude and phase of mode 1, such that the bubble center position evolved as x center = A 1 cos(ωt + φ 1 ). These notations allowed us to describe the acoustic streaming generated in the surrounding fluid. The streaming function is written as
where r is the distance from the bubble and θ dip (also noted as θ 1 in the simple case of a bubble pair) is the orientation of the translation mode with respect to the x axis, pointing away from the second bubble (and in the direction θ dip = π from the left bubble on , can be represented as
where the maximum streaming velocity U streaming is given by
Note that the quantitative influence of surface Rayleigh waves on the streaming is neglected here. With surface waves, the streaming is increased for the same applied pressure amplitude [16] while the streaming patterns are similar. As a first approximation, we keep the no-surface wave approximation for the flow pattern and use U streaming as a fitting parameter. Importantly, we also remark that the flow velocity at the bubble surface has a vanishing u S r component but also a nonvanishing u S θ component, since this flow is to be understood as the flow generated just outside of the thin acoustic oscillating boundary layer.
Hydrodynamic flow. In the case of an external flow (without acoustic streaming) applied along the x axis with a velocity U ∞ , the hydrodynamic flow field around the bubble is the addition of a constant 
meaning a dipole pointing in the opposite direction of the flow. As a result, the velocity on the bubble surface is equal to zero, respecting a no-slip boundary condition. Total flow. If we assume the streaming intensity is not affected by this external flow, which seems to be a good approximation as long as the bubble surface does not present Faraday instability [17] , the total flow field is found by the addition of the previous flow fields:
This approximation is not strictly valid near the bubble surface, since the induced and streaming flows created by one bubble will make a small contribution at the bubble surface of any other bubble, slightly disturbing the no-crossing velocity condition. For this reason, the following simulations have been performed by using the stream function and not the velocity field. Furthermore, we enforced a no-crossing velocity to each bubble by forcing the value of the stream function to a constant on the bubble surface. Streamlines were obtained by plotting the stream function isovalues. 
FIG. 5. (a)
Experimental exclusion zone superimposed with theoretical prediction from Ref. [9] . The excluded zone is the zone within the red curve. The external flow is coming from the left. (b) Experimental distance of the "stop point" as a function of the external flow. Curve is a fit using Eq. (7), giving U streaming = 6.18 mm/s. Errors bars for U ∞ are the standard deviation of the speed of particles outside the streaming flow. Errors bars for r/R 0 take origin in the drift of the bubbles' radii during the experiment. All points were acquired during the same experiment, varying the external flow U ∞ from 10 to 0.5 mm/s. The excitation frequency is 90 kHz. (c) Numerical excluded surface, normalized by the bubble surface: Black dots are the results of numerical simulations whereas the red line is the excluded surface in the case of a circular excluded zone with the radius given by Eq. (7). Figure 4 shows the streaming figure created by two bubbles with an external flow, where the streaming velocity U streaming = 6.18 mm/s was adjusted in order to reproduce the experimental findings of Fig. 2 , in particular the position of the upstream stagnation point. We recover the upstream exclusion zones observed experimentally. Thus, the combination of the external flow with the streaming flow is sufficient to understand the emergence of these regions.
Size of the exclusion zone
As could be seen in Fig. 4 , the exclusion zone is delimited upstream from the bubble pair by a stagnation point located on the axis. This stagnation point is the consequence of a streaming velocity directed against the flow in the fountain mode (U streaming > 0). If we neglect the contributions from the second bubble, the position r 0 of this point located on θ = π is given by u r (r = r 0 ,θ = π,θ dip = π ) = 0, with r 0 such that
which gives only one solution satisfying
Experimentally, the parameter r 0 is determined by selecting the minimum value of each pixel in a given movie, thus highlighting the tracers trajectory, and then measuring the distance between the center of the bubble and the stagnation point as shown in Fig. 5(a) . Experimental values of r 0 /R 0 are in good agreement with Eq. (7) as can be seen in Fig. 5(b) .
As U streaming is function of the square of the acoustic pressure (the amplitudes A 0 and A 1 being proportional to the acoustic pressure), it is theoretically possible to widen the exclusion zone area by increasing the acoustic pressure. The first limitation here is to get a sufficient anchor strength to prevent the bubbles to escape the capillary trap.
As observed in Figs. 2(a) and 5(a), the exclusion zone is not circular. Its deviation to a circular form can be estimated by numerical simulations. The exclusion area is determined by numerically integrating the area inside the zero value streamline [see Fig. 5 (c)] and can be compared to the area given by a circular exclusion zone of theoretical radius r 0 given by Eq. (7).
B. Role of dipole orientation
In the previous part, the axis of the bubble pair was exactly aligned with the flow. We now consider the situations where the axis joining the bubble pair is not aligned with the main flow. Our simulations show that as soon as the axis is inclined, the exclusion zones separate in two distinct zones, with the one downstream of the first bubble being larger; see Figs. 6(a)-6(c). These zones shrink when the external flow velocity increases. Interestingly, as some of the streamlines are passing in the vicinity of the upstream bubble, while going through the channel, the trapping process takes place: Large particles in such a flow would get trapped in the vortices of the upstream bubble, as long as they are on the same latitude as the bubble.
At a 90
• angle (Fig. 6 bottom) , bubble interactions generates one large vortex downstream of each bubble. We recover the same type of flow as described in Wang et al. [18] . In fact, the particular case of a hemicylindrical bubble anchored on a wall can be explained as the result of the interaction between two cylindrical bubbles staying at the same position in the channel and oscillating out of phase. By introducing a distance D between both bubbles of the pair, new streamlines appear: They pass in between the two bubbles and are then forced to go in the vicinity of the bubble. Thus, large particles which latitude stays in between the two bubbles will get trapped in these two large containers downstream of each bubble. These zones are no more exclusion zones as in the case of the anchored hemicylindrical bubble, but they are trapping zones.
IV. TOWARD A LARGE GROUP OF BUBBLES
We now extend the previous two-body interaction to many bubbles. For an assembly of bubbles as considered in the present study, the description used earlier for a bubble pair is still valid. However, we need to know the amplitude of their pulsation and translation oscillation.
When there is more than one neighbor around a bubble of interest (labeled with index i), each of the neighbors (now labeled with index j ) would induce, in the absence of the others, a translation 013602-7 For a pair of bubbles, the streaming velocity around a bubble is described by a dipolar-like flow field where the dipole amplitude and direction are given by the vector
In the linear acoustic approximation, the bubble center submitted to the action of all the several neighbor bubbles is expected to translate with an amplitude set by the sum of these amplitudes, such as x center = Re[A 1 exp(iωt)] with A 1 = j A j 1 . For more than one neighbor the translation is set by a sum of translations vectors, and we therefore expect the streaming around a bubble to be given by
We feel therefore confident in adding up the streaming contributions from each bubble pair, each described by a dipole U j streaming at long distances.
A. Determination of the oscillations amplitudes
For these cases, the different bubbles are not equivalent anymore, and thus the values of the parameters A 0 and A j 1 for each bubble are still to be found. To do so, we use the theory developed by Mekki-Berrada et al. [9] , which can be adapted for the N -bubble case. A bubble i in an assembly of N bubbles will pulsate with an amplitude A i 0 thanks to both the external acoustic excitation P ac and the Rayleigh waves propagating in the top and bottom walls, produced by any other bubble j .
These Rayleigh waves will also induce the translation mode A j →i 1 on the bubble i. It has been shown [9] that in the case of a bubble i, in the vicinity of another bubble j , these two parameters can be calculated as
where k = ω/c R is the Rayleigh wave number, c r ≈ 40 m/s is the velocity of the Rayleigh wave at the channel wall interface, ρ is the liquid density (1 in the current case), R i is the radius of bubble i, D i,j is the distance separating bubbles i and j , p 0 is the average pressure around the bubbles which is 1.01 × 10 5 Pa, κ is the polytropic index of the gas which is around 1.4 for air, H (2) n is the Hankel function of the second kind of order n, and H Equations (9) and (10) can be further extended to an assembly of N bubbles, leading to
This linear system of equations can be solved in order to find A i 0 and A j →i 1 for each bubble. In practice, the sum over all the bubbles j present in the system, apart from the considered bubble i, can be reduced to a sum over the neighbors of the bubble i. This simplifies the resolution of the system without substantially affecting the results as the amplitude of the Rayleigh waves decreases very fast with the distance [see Eq. (10)].
B. Validity of the model in the absence of external flow
If coherent with the dipolar approximation developed in the previous section, the streaming pattern produced by a greater number N of bubbles should show 2N vortices without any external flux. As can be seen in Fig. 7 , this relation is still verified for a group of three and seven bubbles; moreover, the direction of streaming is in agreement with the linear addition of two dipoles induced by the neighbors for these two cases (see Fig. 7, left) .
In the case of a regular lattice of seven bubbles, one can notice that the experimental streaming flow close to the center bubble slightly deviates from the theoretical model. Because of the lattice symmetry, the translation mode of the center bubble is theoretically supposed to be zero, but higher modes can still interact with the volume pulsation and lead to close recirculations in the vicinity of the center bubble. In parallel, the deformation of the PDMS walls caused by the volume pulsation can also contribute to low-intensity three-dimensional (3D) streaming effects.
C. Influence of an external flow on a greater number of bubbles
One can now study if the theory developed in this section for a number of bubbles greater than two is still valid with the addition of an external flow. We show in Fig. 8 a comparison between experimental and simulated streaming flows around three bubbles undergoing an external flow. This figure shows that the theory developed at the beginning of this section is still in clear agreement with experimental data for more than two bubbles. For this case, there is not a clearly defined excluded zone as there was when dealing with the two-bubble case; however, one can see that six smaller excluded zones appear at the vicinity of the three bubbles. Just like the two-bubble case, these excluded zones shrink with the increase of the external flow until they finally disappear, as can be seen in Fig. 8(b) .
D. Pinball
This approach can be generalized to a very large number of bubbles. In Fig. 9(a) , we show an experiment featuring the complex streaming around many bubbles (N = 59), showing that each tracer particle enters in a microfluidic "pinball." Pairs of vortices can be recognized, such as around the bottom-most right bubble, but the combination of the flow and the streaming results in very complex patterns. For a large and regular array of bubbles, symmetry should impose no or little flow in the middle of the array, as is the case in Fig. 7(b) . Here, the presence of defects in the lattice leads to the development of vortices inside the array. The prediction of the streamlines by the model presented in this article (Fig. 9) is not as good as it was for a lesser number of bubbles. This is caused by the fact the additivity of the streamlines is a less good approximation for a greater number of bubbles, thus showing its limit in this case. FIG. 9 . Left: A "pinball" of microfluidic bubbles. The flow is coming from the right with a velocity U ∞ = 304 μm/s. Right: Model described in Sec. IV A, using the acoustic pressure amplitude P ac as the only adjusting parameter, showing qualitative agreement with the experiment.
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V. CONCLUSION AND OUTLOOK
In conclusion, we have shown how closed recirculation zones appear around oscillating bubbles when submitted to an external flow. These zones are upstream in the case of two bubbles aligned with the flow and act as exclusion zones. Their size decreases with applied external flows. The recirculation zones are located downstream when bubbles are perpendicular to the flow; because of the spacing between the two bubbles, these zones can act as trapping zones.
The model developed here for the streaming can be extended to a large number of interacting bubbles, with a linear superposition of dipolar-like streaming flows, each dipole being set by pairwise interactions. Even if the linear superposition shows its limit for a very large group of bubbles, it shows very good agreement for smaller groups.
The recirculation zones will prove useful to design applications where it is desired to isolate a part of the flow (to obtain chemical reactions). Another natural application will be to enhance mixing by having zones repeatedly stirred and advected with sequences of transient insonations under flow, as an alternative process to the design presented in Ref. [19] . Last, it can be seen that recirculation zones tend to catch particles, which will be the subject of further studies.
